Abstract-We establish a novel link-state regime result for a composite decode-forward (DF) two-way relaying scheme with a direct link. During transmission, our scheme combines block Markov coding and an independent coding scheme that resembles network coding at the relay. A developed novel approach optimizes the composite technique by analyzing the dual variable space to identify link-state regimes in which a particular combination of transmission techniques is optimal. Our results expose an interesting trend: when the user-to-relay link is marginally stronger than the direct link, independent coding is optimal and the relay can conserve power. However, for larger user-to-relay link gains, the relay must use full power and supplement independent coding with block Markov coding to achieve the largest rate region. For Rayleigh fading links, we demonstrate that relay power savings are achievable in most node configurations. The link-state regimes are further applied to perform link adaptation in fading to illustrate significant data rate gains over direct transmission even under a more practical, long-term link state information. These link-state regime results are useful for the application of two-way DF relaying in practice.
I. INTRODUCTION

R
ELAY assisted communication helps improve performance of wireless communication in both infrastructureless (ad hoc) and infrastructure-aided (cellular) networks [1] , [2] . Instead of the traditional use of relays to extend coverage, the current trend of network densification makes relaying a promising technique for enhancing transmission rate and power efficiency [3] , [4] . Without fixed infrastructure, nodes of an ad hoc network must relay messages to improve the performance [5] . In addition to improving throughput at the cell edge in future cellular networks, such as LTE-A and 5G systems, nodes acting as relays promise considerable gain for system capacity [6] , [7] . Here we consider a two-way relay model in which a relay, either a dedicated node or spontaneous idle user, helps exchange information for two active users. We assume direct links between users in addition to user-to-relay links, an appropriate model for wireless communication. 
A. Motivating Examples of the Two-Way Relay Channel With a Direct Link
This two-way relay channel (TWRC) model can readily be applied as a component in a larger wireless network. In ad hoc settings, such as a wireless system for heterogeneous vehicular networks, two-way relaying can be applied synonymously among all vehicles [8] . A third user can act as a relay for two active users, such as for emergency message dissemination. For example, a vehicle traveling in the front transmits directly to nearby vehicles about an accident up ahead or important traffic conditions, which is relayed to other vehicles behind for fast information dissemination and response, as shown in Fig. 1(a) .
In future cellular systems, two-way relaying can leverage device-to-device (D2D) communication to improve transmission rates, especially with network densification [9] . For example, two-way relaying is used in a femto and device caching application as shown in Fig. 1(b) . To alleviate limited backhaul capacity and potential congestion, caching at femto base stations and nearby devices is utilized to improve video viewing and exchange [10] . Here, user equipment 1 (UE 1 ) requests a video, such as a trending news story, that femto base station BS 1 has already cached. Due to the proximity of users, UE 2 acts as a relay between UE 1 and BS 1 for faster video exchange using a D2D link between the two UEs. Alternatively, femto base station BS 1 can act as a relay between the two UEs if the video is cached at a UE instead. Two-way relaying in these scenarios helps to speed up the transmission data rate considerably.
B. Background and Related Work
Fundamental relay strategies include amplify-and-forward (AF) [11] , decode-and-forward (DF), and compress-andforward (CF) [12] , [13] . AF is a low complexity strategy in which the noise along with the received signal is amplified and retransmitted. In DF, the effects of the noise are removed completely at the relay by decoding the message, either fully or partially, before re-encoding it to transmit to the destination. In CF, the received signal is quantized instead of decoded at the relay to alleviate the effects of noise.
Another strategy in which the relay decodes linear functions of transmitted messages is compute-forward relaying [14] . DF is shown to outperform compute-forward at high and low SNR but lags with moderate SNR. A scheme that combines DF and compute-forward can strictly outperform each separate scheme [15] . In this paper, we focus only on the DF strategy.
Several techniques of the DF relaying strategy for the TWRC are studied in literature [16] , [17] . The original DF technique 0090-6778 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. is based on block Markov superposition coding, which outperforms direct transmission when the user-to-relay link is stronger than the direct link in Gaussian noise [16] . In partial DF, the relay only decodes part of the message and there is message splitting at the source [18] . An alternative DF technique is based on random binning instead of block Markovity, in which the relay broadcasts the bin index of the decoded message pair [17] . With random binning, the signal from the relay encodes information from both sources, similar to network coding. Network coding is advocated for in cooperative D2D communications as a promising means to improve throughput [19] , reduce delay, and increase energy efficiency [20] . Based on the above techniques for DF relaying, several schemes have applied these techniques, either individually or in combination, to specific channels or scenarios [17] , [18] , [21] - [25] . Three network coding based DF protocols are analyzed to determine fundamental bounds on the performance of coded bidirectional communications [21] . A distributed linear-dispersion space-time coding for two-way wireless relay networks is used to extract diversity from the channel, independent of the link state [22] . An opportunistic two-way relaying scheme based on joint network coding and opportunistic relaying is found to achieve better performance than fully distributed space-time two-way relaying [25] .
Most of the existing works on DF for the TWRC are based on a variation of network coding at the relay. Few works consider the use of traditional block Markov relaying that requires coherent transmission between the source and relay. Furthermore, although there is a variety of DF relay techniques, it is generally unclear which technique has the best performance. One technique may outperform another only if certain conditions on the link state are met. In order to understand the performance impact of different transmission techniques, analyzing a composite scheme that combines these techniques is an appropriate approach. This type of analysis can reveal conditions on the link state such that a technique, or a combination of techniques, is superior.
Along these lines, some composite schemes are studied in order to examine the interaction of different techniques [26] , [27] . Two variations of DF, one with joint modulation, the other with network-superposition coding, are independently studied in the sum rate maximization problem [26] . Under a QoS constraint, the optimal resource allocation in terms of time and power at the relay are derived for fixed link states. A cooperative scheme combining DF and network coding for the Rayleigh fading TWRC without the direct link achieves spatial diversity [27] . Although it is mentioned that performance depends on the link states, this point is not thoroughly explored.
C. Main Results and Contributions
The main result of this work is the link-state analysis of a composite DF scheme consisting of block Markov coding and independent network coding for the TWRC with a direct link. To reach this result, we develop a novel approach to identify link-state regimes that describe which users utilize the relay and which particular combination of relaying techniques is optimal. As a consequence of this link-state analysis, we identify the role of user priority and reveal net relay power savings. The main contributions can be summarized as follows:
• Analytical Link-State Regimes: We deduce the analytical link-state conditions, the relation among the link gains, which must be satisfied for a particular combination of techniques in the considered composite scheme to yield the largest rate region. The optimal coding strategy for a user generally progresses from direct transmission to independent coding to block Markov coding or both techniques as the user-to-relay link strength increases. We found that in certain link-state regimes, independent coding at the relay yields better performance than block Markov coding, contradicting the common belief that coherent cooperation between the source and relay is always best. In some regimes, both techniques are required for rate-optimal performance.
• Novel Approach for Identifying Link-State Regimes: To determine the link-state regimes, we develop a novel approach by analyzing an optimization problem that maximizes the weighted sum rate of two users for a given set of link states. Our goal is not to solve for the optimal power allocation, but to derive the analytical link-state conditions for certain sets of optimal solutions, characterized by the presence or absence of a coding technique. We approach this problem by examining the dual variables space to distinguish different cases in which primal rate constraints are tight. Analyzing these cases together with the geometry of rate constraints, we identify various link-state regimes in analytical, closed form. The optimal power allocation factors within these regimes are then deduced analytically where feasible and numerically otherwise. Despite the fact that optimal resource allocation has been studied extensively, our approach of using optimization to identify the link-state regimes via the dual variable space is new, and to our knowledge, has not been used in the literature.
• Identify Which User(s) Utilize the Relay: The above approach applies when both users actively utilize the relay. However, if a user-to-relay channel is weak, it is often not rate-optimal for the relay to decode the signal of that user and the user should just perform direct transmission. However, this direct transmission will result in interference for the signal from the other user at the relay. As such, we term this channel the basic relay channel with interference (RCI). By comparing the maximum rate attainable with the two-way relaying scheme (TWR) to that of the RCI, we can determine which users actively utilize the relay in these special link regimes where a userto-relay link is weaker or just marginally stronger than the direct link.
• User Priority: Our analysis shows that user priority directly affects the resulting link-state regimes. A user is prioritized if its rate is weighted more in the sum rate maximization problem. The coding for the higher priority user depends only on its own one-way relay channel link strength. Conversely, the coding for the lower prioritized user depends both on its own one-way relay channel and the higher prioritized user's coding. We analytically quantify this priority-based dependence through the link-state regimes.
• Relay Power Savings: Our results reveal that in regimes in which the relay performs only independent coding, it does not need to use full power to achieve the best possible rate region. The relay instead uses just enough power to forward the decoded messages. These power-saving regimes always occur in a fading environment for any distance configuration of nodes with some probability. We analytically compute these probabilities, showing that regimes in which the relay conserves power have a significant probability of occurrence. The average relay power savings over all fading states are then derived in closed form.
• Link Adaptation: Even though the link-state regimes are based on instantaneous link strengths, we apply these regimes to dynamically adapt the composite scheme to fading wireless links assuming only long-term CSI. In this case, relayed transmission still achieves a significant gain over direct transmission. These link adaptations demonstrate the feasibility of applying two-way relaying in practical wireless systems. The paper is organized as follows: Section II describes the channel model and transmission scheme; Section III presents the problem formulation and a novel approach for analyzing link-state based transmission; Section IV discusses the resulting optimal link-state regimes; Section V examines the relay power consumption and link adaptation necessary for application in a fading environment; Section VI presents numerical results and Section VII concludes the paper.
II. CHANNEL MODEL AND TRANSMISSION SCHEME
A. Channel Model
In this paper, we consider a full-duplex two-way relay channel (TWRC) which can be modeled as Figure 2) . The average input power constraints for user 1, user 2 and the relay are P 1 , P 2 , and P R . Note that this model is the most general version of the TWRC in which links are not assumed to be reciprocal and the direct link is present. A reason for considering the full-duplex model is that full duplex has emerged as a feasible wireless technique to improve spectral efficiency in both cellular and ad hoc networks [28] , [29] . Significant new research has demonstrated the feasibility of full-duplex radios [30] - [32] . Recent results show that a full-duplex system with just a single antenna at each end can deliver a median throughput gain of 87% in practice with WiFi radios, very close to the theoretical rate doubling [32] . Further, in this work, researchers demonstrate a novel self-interference cancellation circuit and algorithm that provides the required 110dB of cancellation to reduce all self interference to the noise floor, independent of the transmit power. However, to the best of our knowledge, no good model currently exists for full-duplex residual self interference. In the same way that MMSE error is independent from the estimated signal, we assume that the residual interference is independent of the transmit signal and thus can be modeled as another source of noise at the receive antennas. To incorporate the residual self interference, it is equivalent to increase the noise power or decrease the transmit power in (1) .
Another reason for studying full-duplex systems is that results from a full-duplex scheme provide the basis for adaptation to a half-duplex scheme. By studying the full-duplex implementation, we can focus on the transmission scheme design, including the transmit signal and decoding techniques, and the subsequent link-state regime analysis, without additional complexities of half duplex, such as the extra parameters of time or frequency slots in half-duplex implementation. These constraints can later be incorporated based on the full-duplex design.
The link gain coefficients are assumed to be complex value Rayleigh fading. As such, the link from node k to node i is described as
where γ is the path loss exponent andh =h R + jh I , with
2 ) as independent Gaussian random variables with zero mean and variance The presented composite scheme can be applied in both a frequency-division duplexed system (FDD) and a time-division duplexed system (TDD). An FDD system, such as our current cellular network, does not have reciprocal channels. However, TDD systems, such as Bluetooth, do have reciprocal channels in a slowly fading environment. To make our analysis more general, we assume that the transmission from user 1 to user 2 can occur at a different frequency than that from user 2 to user 1. As such, h r 1 , h 2r , and h 21 correspond to path loss parameter γ 1 and h r 2 , h 1r , and h 12 correspond to γ 2 . To analyze a TDD system, set γ 1 equal to γ 2 .
Next we present two relaying schemes that can be applied to this channel model. The first, two-way relaying (TWR), requires that both users actively utilize the relay. The second, the basic relay channel with interference (RCI), involves only one user actively utilizing the relay while the other performs direct transmission. The RCI can be relevant when a user-to-relay link is weaker or just marginally stronger than its respective direct link, in which case the relay should decode only the signal of the other user. By comparing the achievable rates of these two schemes as done in Section IV, we can determine when it is rate-optimal for a user to utilize the relay.
B. Two-Way Relaying Transmission Scheme (TWR)
We first describe a composite scheme based on DF relaying in which both users actively utilize the relay as proposed in [33] . The relay has the option of transmitting using three distinctive techniques: independent coding, a signal structure that enables block Markov coding at the sources, or a combination of these two approaches. Both sources may perform block Markov coding or independent coding depending on the signal structure at the relay. Here we describe the composite scheme consisting of all of these techniques.
1) Transmit Signal Design:
Denote the new message user 1 and user 2 send in block i as m 1,i and m 2,i respectively. The relay partitions the set of all messages of the previous block {m 1,i−1 , m 2,i−1 } equally and uniformly into a number of bins and indexes these bins by l i−1 . The users and the relay then construct the transmit signals in block i as follows: 
where k 1 , k 2 are scaling factors that relate the power allocated to transmit the same message at each source and relay in the block Markov signal structure.
Therefore, in each transmission block when α i = 0, i ∈ {1, 2}, both users send not only the new messages of that block, but also repeat the message of the previous block. This retransmission due to block Markov coding creates a coherency between the signal transmitted from each source and the relay that ultimately results in a beamforming gain. However, the relay must split its power between W 1 and W 2 for the retransmission, each of which carries only a single message. In addition to the block Markovity functionality, the relay also creates a new signal U r that independently encodes both messages via binning. Using independent coding, one bin index is able to solely represent one message pair (m 1,i−1 , m 2,i−1 ) as in network coding.
2) Decoding: At the relay, decoding is simple and is similar to the multiple access channel (MAC). The received signal in each block at the relay is
In block i, the relay already knows signals W 1 , W 2 (which carry m 1,i−1 , m 2,i−1 ) and is interested in decoding U 1 and U 2 (which carry m 1,i , m 2,i ). The optimal maximum aposteriori probability (MAP) decoding rule for the relay is
Sliding window decoding is performed at each user based on signals received in two consecutive blocks. This is a forward decoding technique in which the received signals in several consecutive blocks are simultaneously utilized (as in a moving/sliding window) to decode a message that spans these blocks [34, pp. 462-464] . To decode new information sent in block i, a user will utilize received signals in blocks i and i +1, which results in a one-block decoding delay. The received signal in each block for user 2 is
Assuming that user 2 has correctly decoded m 1,i−1 , then in block i, user 2 knows W 1 , W 2 , and U r and can subtract them from Y 2,i . In block i + 1, user 2 only knows W 2 , and can directly subtract it from Y 2,i+1 . We write this joint decoding simultaneously over two blocks using the optimal maximum aposteriori probability decoding rule at user 2 as follows:
It is important to emphasize that the decoding rule in (8) applies across two blocks simultaneously, such that the decoded message pair maximizes the product of the decoding probabilities in these blocks. Specifically, the first term in (8) is obtained from Y 2,i after removing the known W 1,i , W 2,i , and U r,i as:
Likewise, the second term of (8) is obtained from Y 2,i+1 after removing the known signal W 2,i+1 :
where
since the interference is treated as noise in this block. By applying sliding window decoding across the signals in (9) and (10), we obtain the maximum achievable rate at Y 2 as J 2 in Theorem 1.
3) Achievable Rate Region: The described composite scheme is novel in the sense that it performs better than just simple time sharing between the two techniques and achieves rate points strictly outside the time sharing region, as will be verified in Section VI. With the above transmit signals and decoding rule, we obtain the following achievable rate region:
Theorem 1: [33] Using the proposed composite DF scheme, the following rate region is achievable for the Gaussian TWR:
with C(x) =log(x +1), g * as amplitudes of link coefficients, and power allocation factors satisfying (4) .
Proof: For full proof, see [33] . Intuitively, rate constraints J 1 , J 3 , and J 5 come directly from decoding the messages at the relay as in (6) , the same as in a multiple access channel. J 2 comes from sliding-window decoding at user 2 as described in (8), in which we leverage simultaneous decoding over two blocks to achieve a higher rate than separate decoding in each block. J 4 is derived similarly to J 2 , but for user 1. As such, the rate of each user is constrained by the smaller of the two rates achievable by decoding either at the receiving user or at the relay.
C. A Transmission Scheme for the Basic Relay Channel With Interference (RCI)
We next describe the related DF scheme in which only one user actively utilizes the relay while the other performs direct transmission. The direct transmission results in interference at the relay and hence changes the performance of the relayed user compared to when there is no concurrent transmission. Below we state the achievable rate of this scheme for the case that user 2 utilizes the relay and user 1 performs direct transmission.
Theorem 2: When only user 2 utilizes the relay with composite DF relaying and user 1 performs direct transmission, the following rate region is achievable for the Gaussian relay channel:
with C(x) =log(x +1), g * as amplitudes of link coefficients, and power allocation factors satisfying α 2 + β 2 ≤ P 2 and
Proof: Similar to that of [35] with additional interference at the relay by considering the direct transmission from user 1 to user 2.
Note that the rate regions in (11) and (13) only depend on the channel gain amplitudes but not their phases. These regions are obtained assuming that full channel coefficients are known at the corresponding receivers. When block Markov coding is performed, we also assume channel phase knowledge at the corresponding transmitters, which allows coherent source-relay transmission and is a standard assumption in coherent relaying literature [12] , [36] , [37] . Next we perform link-state analysis to identify link regimes in which each coding technique, block Markov or independent coding, is necessary.
III. LINK-STATE BASED RATE REGION OPTIMIZATION
In the proposed schemes, the relay can perform independent coding, block Markov coding, or a combination of the two. Sources can transmit with or without block Markov coding. These two distinct signal structures have different impacts on the transmit power and achievable rate regions. We are therefore interested in understanding the channel configuration, specifically the relation among link gain coefficients, such that both coding structures are necessary, or only one is sufficient to achieve the largest rate region. Further, we are interested in understanding the link conditions under which it is optimal for both users to utilize the relay (TWR), for only one user to utilize the relay (RCI), or for neither user to utilize the relay. It turns out that the channel configuration can be classified in a certain link-state regime, which defines a relative range among all link gain coefficients. The specific link-state regime reveals which users should utilize the relay and which relaying technique, or combination, is optimal.
The goal of this section is to investigate how the link state affects which transmission technique should be chosen in order to produce the largest rate region. To achieve this goal, we use tools from optimization to examine the largest achievable rate region for TWR and RCI. For TWR, the largest achievable rate region is obtained by maximizing the weighted sum rate of the two users. This weight also governs the implicit user priority in the composite scheme, which in turn impacts the resulting link-state regimes. We then compare the largest TWR achievable rate rate region with those of the RCI to determine which users should utilize the relay. Next we formulate the optimization problem and outline the approach taken to deduce the link regimes.
A. Problem Formulation 1) Two-Way Composite Relaying:
Here we construct the TWR weighted sum rate optimization problem that integrates user priority and the power allocation factors for both the block Markov coding and independent coding techniques subject to the rate and power constraints. From rate constraints in (11) , and for some priority weighting factor μ ∈ [0, 1], an optimization problem to maximize the rate region boundary is
For each set of power allocation parameters, a different pentagonal (or degenerate rectangular) rate region of (11) is obtained. Typically, only the outermost points from any pentagon will be on the boundary of the overall rate region for a given set of link states. This could be either of the two corner points of the pentagon. The optimization of these two corner points is achieved via optimization problem (14) , which yields the optimal power allocation for a value of μ ∈ [0, 1]. If μ ∈ (1/2, 1], the rate of user 1 will be prioritized over that of user 2, and the lower corner point of the rate region will appear on the boundary of the overall rate region, and vice versa for μ ∈ [0, 1/2). By varying μ from 0 to 1, we trace out the entire boundary of the rate region. Since the two cases are reciprocal, we focus on the case in which user 1 is prioritized.
2) Basic Relay Channel With Interference: The rate optimization problem for the RCI can be similarly constructed. If only one user utilizes the relay, the objective function maximizes only the rate of that user as the other user simply performs direct transmission. This optimization problem based on rate constraints in (13) is written as
where R 1 = log 2 1 + g 2 21 P 1 . Note our goal here is not to solve the optimization problems (14) and (15), but to analyze them to identify the link-state regimes. Next we outline the approaches for doing this.
B. Approaches
We define link-state regimes as a classification of the channel configuration such that a particular technique, or combination of techniques, is rate-optimal. By employing this link-state regime analysis, if certain conditions on the link-state are met, it is apparent which technique(s) will be optimal. To the best of our knowledge, this work is the first to consider this link-state regime analysis.
1) Approach to Analyzing the TWR:
In order to analyze optimization problem (14) and deduce the link-state regimes, we develop a new approach. We first analyze the optimization problem from the dual variable space, then examine the primal rate constraints. Specifically, we consider the KKT conditions and question if the optimal Lagrangian dual variables are zero or strictly positive to identify valid combination of these optimal dual variables.
We break the approach into two components: non-functional specific and functional specific analyses. For the non-functional specific analysis, invalid combinations of optimal dual variables are eliminated without knowledge of the rate constraining functions. The non-functional specific analysis is based purely on the number of users participating and the type of constraint (sum or individual). For the functional-specific analysis, we eliminate more invalid combinations of optimal dual variables based on the rate constraining functions themselves. Thus, the functional-specific analysis depends on the specific transmission techniques used in a particular scheme.
Using both the non-functional and functional specific analysis, valid combinations of optimal dual variables are identified. Each combination of optimal dual variables indicates whether the primal constraints are tight or loose. Based on the tightness and the rate constraining functions, the optimal power allocation parameters are zero or non-zero, indicating if a particular technique is used. Next, the details of the non-functional and functional specific analysis are explored.
Non-functional Specific Analysis: Optimization problem (14) is convex and the optimal power allocation parameters can be fully deduced from the KKT conditions for a given set of link states. The Lagrangian is written as:
where λ i , i ∈ {1, 2, 3, . . . , 13}, are the dual variables associated with the corresponding rate and power constraints. Note that all dual variables are non-negative; that is λ i ≥ 0 ∀i. In this section, we only analyze the TWR scheme, meaning that both users utilize the relay. From (11) , there are five rate constraints and the associated dual variables (λ 1 , λ 2 , λ 3 , λ 4 , λ 5 ) can each be either strictly positive if the corresponding rate constraint is tight, or equal to zero if the corresponding rate constraint is loose. Therefore, there are 2 5 = 32 combinations of optimal dual variables in total. However, we immediately know that for the rate of each user, at least one constraint must be tight. The possible constraints for R 1 are J 1 , J 2 , and J 5 , while the possible constraints for R 2 are J 3 , J 4 , and J 5 . One constraint from each of these groups must be tight. Further, if one user's rate is constrained by the sum rate constraint, J 5 , then the other must have a different constraint that is tight because we are maximizing a corner of the pentagon (or degenerate rectangular) rate region. Accordingly, we can immediately eliminate eight invalid cases.
Next, if R 1 is constrained by J 1 , R 2 cannot be constrained by J 3 because then the sum rate constraint will be violated since J 5 < J 1 + J 3 . Thus, λ 1 and λ 3 cannot be simultaneously greater than zero. Therefore, if λ 1 > 0, then λ 3 = 0, and conversely if λ 3 > 0, then λ 1 = 0. With this in mind, we can eliminate eight more cases when both λ 1 and λ 3 are strictly greater than zero.
The sixteen remaining cases cover μ ∈ [0, 1] in which seven have reciprocals when the user priority is switched. Therefore, we only need to focus on the nine cases corresponding to μ ∈ ( 1 2 , 1] in which the rate of user 1 is prioritized. Thus, without knowing the rate constraining functions specific to this transmission scheme, a majority of invalid combinations of rate constraints are eliminated. Next we use functional specific analysis to eliminate all other invalid cases.
Functional Specific Analysis: Now we look at the specific function of the rate constraints to eliminate more cases. Out of these remaining nine cases, we can eliminate three more where λ 3 = 0, λ 4 > 0, and λ 5 = 0. This condition implies that the only tight constraint for user 2 is J 4 , and both J 3 and J 5 are loose. Thus we must have J 4 < J 3 for all values of α 2 . Otherwise, if J 4 = J 3 for some α 2 , then that α 2 is the optimal point making both J 3 and J 4 tight. When α 2 = P 2 though, J 3 = 0, which implies that J 4 < 0, which is impossible. Thus, this case is invalid.
Further we can eliminate the case λ 1 = 0, λ 2 > 0; λ 3 , λ 4 = 0; λ 5 > 0. This implies that J 2 < J 1 . Since J 1 is decreasing in α 1 while J 2 is increasing in α 1 , either J 2 < J 1 for all α 1 ∈ [0, P 1 ) or J 2 occurs at an intersection with a function other than J 1 . This function can only be J 5 − R 2 (follows from the sum rate constraint). However, this implies that R 2 must equal J 3 or J 4 , but because λ 3 = λ 4 = 0, neither holds and this case is invalid.
Valid Combinations of Dual Variables: Based on the above analysis, we identify five remaining cases as valid in which user one is prioritized (μ ∈ (
Based on the dual variables in each case and the rate constraints in (11), a number of equalities and inequalities among the rate expressions are inferred. Then conditions on the link state are deduced such that each equality and inequality holds for a solution within the range of the power constraints at each node. These inequalities and equalities provide bounding information on the link-state regime for the case under investigation. The equalities along with the KKT conditions provide the necessary equations to solve for the optimal power allocation parameters. The detailed analysis is available in Appendix A.
2) Approach to Analyzing the RCI: The approach to analyzing optimization problem (15) is similar to the basic relay channel in [35] . We also analyze the optimization problem from the dual variable space, then examine the primal rate constraints. Optimization problem (15) is simple enough that both the optimal power allocation parameters and link regime boundaries can be fully deduced in closed form from the KKT conditions for a given set of link states. The only difference between the RCI and the basic relay channel comes from the interference term at the relay, specifically the 1 + g 2 r 1 P 1 term in K 1 of (13). This term merely shifts the link-state regime boundaries and the optimal value of the power allocation parameters.
IV. LINK-STATE REGIMES AND IMPACT OF USER PRIORITY
In this section, we describe the analytical link-state regimes and the associated optimized DF transmission technique(s) for each regime resulting from the analysis in the previous section. For a particular set of channel gains, the associated link-state regime will indicate which users utilize the relay and which relaying technique(s) result in the best achievable rate region. We also discuss the implications of the link-state regimes both in terms of the optimized transmission technique and the impact of user priority. Based on this discussion, we identify performance trends evident from the link-state analysis.
A. Individual Scheme Link-State Regimes
We first present the link regimes separately for the TWR scheme and the RCI. We then compare these regimes to determine which yields a higher rate region for a particular set of link gains. The combined link-state regimes indicate which users utilize the relay and which transmission technique(s) result in the best achievable rate region, which we term the combined TWRC (C-TWRC).
Definition 1. For the link gain from user 1 to the relay, g r 1 , we define the following regimes:
For g r 2 , we define link-state regimes as follows:
Further we define Z1 = Z1 a ∩ Z1 b and Q1 = Q1 a ∩ Q1 b . Determining Which Users Utilize the Relay: To determine which users utilize the relay, in each regime we compare the rate region of the TWR scheme in Table I with that of the RCI in Table II . This comparison is done by essentially overlaying the tables and comparing the rate region in each regime. As the boundaries of the overlayed tables do not line up, the resulting combination contains more regimes.
More specifically, if both rate regions under investigation are rectangular or pentagonal, then simply comparing the corner points will indicate if timesharing is necessary. In the case that a rate region boundary is curved where the optimal power allocation parameters depend on the value of μ, the weighted sum rates of both schemes must be compared to determine if timesharing is necessary. An example of this nontrivial comparison is provided in Appendix A.
B. Combined TWRC (C-TWRC) Link-State Regimes
Theorem 4 below describes the resulting link-state regimes that indicate both the optimal transmission strategy and which users utilize the relay.
Theorem 4: If user 1 is prioritized, i.e. μ ∈ ( Table III shows the optimized techniques for both users for the combined TWRC (C-TWRC) in a given link-state regime (Def. 1). 1 1 Similar results have appeared in conference versions, [24] , [38] , but in these conference papers, we neglected the interference from the other user in the case that only one user utilizes the relay. The link regimes in those conference papers should be replaced with the correct results in this paper. Proof: Follows by comparing corner points of the rate region of the TWR scheme (Table I ) with those of the RCI, which consists of Table II and its transpose, for both cases when either user 1 or user 2 performs direct transmission. This comparison mainly concerns the regimes Z1 and Q1 in which at least one of the user-to-relay links is weak compared to its respective direct link. In such a case, it may be better for one user to perform direct transmission, resulting in further splits of the cells as in Table III Comparing the rate regions of the TWR scheme and the RCI for user 2 yields interesting results as the columns line up and the row splits further within link regime Z1 into Z1 a and Z1 b . When g 2 r 1 ∈ Z1 a , the RCI for user 2 is rate optimal, while for g 2 r 1 ∈ Z1 b , TWR is optimal. There is one exception, however, in regime (Z1 b , Q3) it may be necessary to time share between TWR (Ind, BM) and RCI (DT, BM) when μ < 1. The same comparison for the RCI for user 1 yields quite a different result because user 1 is prioritized (the impact of user priorities is discussed in more detail in Section IV-D). The impact of increasing user 2's user-to-relay link is more nuanced than increasing user 1's user-to-relay link. Specifically, when g 2 r 2 ∈ Q1 a , it is optimal to time share between TWR and RCI for user 1. Time sharing in these regimes, however, complicates practical implementation and based on numerical results in Section VI-A, brings limited rate gain. Therefore subsequently, we do not use time sharing and revert back to the RCI for regime Q1 a and to TWR for regime (Z1 b , Q3). Fig. 3(a) provides an example of these link-state regimes on a 2D plane without time sharing. The distance between two users is fixed at 20 meters while the relay location varies over the entire plane. A TDD system is assumed with channels inversely related to distance, a path loss exponent of 3.2, P 1 =P 2 =P R =1, and user 1 prioritized (labels correspond to Table III ). Figure 3(b) provides the corresponding rate gain over direct transmission, with significant gains in certain regions especially when the relay is in-between the two users.
C. Optimal Technique as a Function of the Link-State Regime
Results in Table III demonstrate that when the user-to-relay link is just marginally stronger than the direct link, independent coding is employed to provide a network coding gain without splitting power at the relay for each user's message. As the user-to-relay link gain increases, block Markov coding is also used. Since the link is strong enough, the gain from coherent beamforming (block Markov coding) outplays the loss from splitting power at the sources between old and new messages. From Theorem 4 and the transmit signal design, it follows that if either user performs independent coding, then β 3 depends on the rate constraints of that user. Further, α i is nonzero if user i performs block Markov coding.
From Table III , we see that as the user-to-relay link sufficiently improves, it is optimal to allocate some power to the block Markov component of our scheme. When both g 2 r 1 and g 2 r 2 are strong, specifically in (Z2, Q2) and (Z2, Q3), both users employ both block Markov coding and independent coding. In these regions, both components of the composite scheme are necessary in order to achieve the largest rate region as demonstrated later in Figure 4 . Calculating the power allocation factors α 1 , α 2 , k 1 , k 2 , β 1 , β 2 , and β 3 in these regimes is nontrivial and must be found by solving several simultaneous equations.
This theme of moving from direct transmission to independent coding to block Markov coding or both techniques as the user-to-relay link state improves is illustrated in Fig. 3(a) . When the relay is between the two users, the relay performs independent coding for both users. The trend of moving from independent coding to block Markov coding as the channel improves is exemplified by the gold and white regions in which one user performs independent coding and the other performs block Markov coding.
Using the same parameters as Fig. 3(a), Fig. 3(b) reveals the substantial rate gains realized by employing the composite DF scheme instead of direct transmission. By knowing the optimal combination of coding techniques to employ based on the link state, rate gains over 700% are possible. Rate gains over 200% are obtained when relay is approximately between the two users, a substantial improvement over direct transmission. Even though the switching between schemes is distinct as in Fig. 3(a) , the rate gain is a continuous function of distance as seen in Fig. 3(b) .
D. Impact of User Priority
Next we look at trends in Table III in terms of user priority as the user-to-relay link states improve. Table III is derived assuming that user 1 is prioritized over user 2 as μ ∈ ( 1 2 , 1]. As such, Table III is not symmetric with respect to user 1 and user 2.
First, while the higher prioritized user's link regime boundaries depend only on the links of its own one-way relay channel, the lower prioritized user's regime boundaries are highly dependent on the link states and transmit power of the higher prioritized user. That is, the link-state regime classification of g r 1 depends only on g 21 , g 2r , P 1 , and P R , the parameters of user 1's one-way relay channel. Note that the transmission scheme for user 1 depends only on the classification of g r 1 , the row of Table III . However, the same classification of g r 2 as observed in the column boundaries of Table III not only depends on the parameters of the one-way relay channel from user 2, but also on user 1's one-way relay channel link gains and power. Fittingly, these column boundaries only affect the optimal coding technique for user 2.
User priority is also evident when comparing the first column of Table III with the first row. When the higher prioritized user's source-to-relay link is weaker than the direct link (g r 1 < g 21 ), the first row of Table III , it is optimal for user 1 to perform direct transmission. However, when the lower prioritized user's source-to-relay link is weaker than its direct link (g r 2 < g 12 ), it is not always optimal for user 2 to perform direct transmission. If g r 2 < g 12 , then user 2's rate is maximized with direct transmission. By time sharing with TWR, the rate of user 2 is actually decreased while the rate of user 1 increases. Therefore, in the case of the first column of Table III , μ is both a priority weighting factor as well as a time sharing random variable. Which transmission technique to employ and whether both users or only the higher prioritized user utilizes the relay heavily depends on this priority weighting and time sharing random variable.
V. RELAY POWER SAVINGS AND LINK ADAPTATION IN A FADING ENVIRONMENT
As an unexpected consequence of the link-state regime analysis, we demonstrate that the relay does not always need to use full power in order to maximize the rate region. For fixed links, the analysis shows that certain link-state regimes provide substantial relay power savings. In a fading environment, each link-state regime can occur with some probability even for a fixed node distance configuration. Thus for a given a distance configuration, the link state could be in any of the regimes in Table III with a certain probability due to fading. In this section, we first examine the relay power consumption for the identified link-state regimes, then analytically derive the probability of each link-state regime in Rayleigh fading channels, and establish the expected relay power savings in fading. Further, we utilize the link-state regime results in order to perform link adaptation of the composite scheme in a fading environment. Specifically, we examine link adaptation based only on longterm CSI to reduce channel acquisition overhead. Note that for this section, we omit time sharing between schemes as discussed in Section IV-B.
A. Required Relay Power
Based on the link-state regime analysis, it was found that both users always use full power but the relay need not always use full power. The relay power depends on the specific transmission techniques employed in each link-state regime as stated in Lemma 1 and Theorem 5.
Lemma 1. Given any set of link states, both users will always use full power. The relay will use full power if either user performs block Markov coding. If neither user performs block Markov coding, then the relay need not use full power.
Proof: See Appendix B. The proof to Lemma 1 follows from the idea that when a user performs block Markov coding, it is always beneficial to increase the power of the block Markov component at both the user and relay. The details are shown in Appendix B. We establish the exact power needed at the relay when neither user performs block Markov coding in Theorem 5.
Theorem 5: A) When both users perform only independent coding with user i prioritized over user k, the optimal relay power is
This relay power applies in link-state regimes (Z1 b , Q1 b ) and (Z1 b , Q2). B) When user i performs only independent coding and user k performs direct transmission, the optimal relay power is
This result applies in link-state regimes (Z1 a , Q1 b ), (Z1 a , Q2) and the corresponding regimes in the transposed table when user 2 is prioritized.
Proof: See Appendix B. From Theorem 5, we see that when the relay performs only independent coding, the relay power is a direct function of the link state and the power of the user for which the relay performs independent coding. This power savings is a novel result that follows directly from analyzing the composite scheme from a link-state perspective. By transmitting below full power, the relay creates less interference to other nodes when integrating the TWRC in a network, resulting in better overall network performance. Further, if the relay is battery operated, this power savings results in a longer battery life. Conserving power would also increase the incentives for an idle node to utilize its own resources to relay the information of other active nodes. This power conservation is especially significant when the relay is located between the two users. Numerical results for these relay power savings are further evaluated in Section VI.
B. Probability of Each Link-State Regime
Even though relay power saving is identified only for some of the link-state regimes in Table III , these regimes occur with non-negligible probability in a fading channel. In this section, we analytically derive the probability of these relay power saving link-state regimes for a given distance configuration among the two users and relay.
From (2) respectively, as these are the terms that appear in the link-state regime boundaries in Def. 1. Define the exponential parameters:
Theorem 6: For parameters in (20) , the probability of each link-state regime in Rayleigh fading as in Def. 1 is as follows:
,
with ν r 1 = d
Proof: See Appendix C. By employing Theorem 6 and Lemma 2 and simply knowing the distances between nodes, path loss exponents, and node transmit power constraints in a Rayleigh fading environment, the probability of each link-state regime can be calculated analytically.
C. Average Relay Power Savings in a Fading Environment
For each distance configuration in a Rayleigh fading environment, there is a significant probability for the fading link state to be in one of the relay power saving regimes. Here we extend the results of the previous section to compute the expected relay power savings.
This relay power savings is achieved when the relay performs only independent coding for user 2 (regimes (Z1 a , Q1 b ),  (Z1 a , Q2) ), only independent coding for user 1 (column Q1 a and the dual rows to Q1 b and Q2), and only independent coding for both users ((Z1 b , Q1 b ), (Z1 b , Q2) ). Both g 2 r 1 and g 2 r 2
are bounded in these regions according to Def. 1. Also, assume P 1 = P 2 = P R = 1 in this section for conciseness. As such, we write the expected value of the relay power savings as in (22), shown at the bottom of the page. Thus with only knowledge of the distance configuration and path loss exponents, the mean relay power savings in a Rayleigh fading environment can be computed.
D. Link Adaptation in a Fading Environment
The link-state regimes are also directly useful in a fading environment in order to perform link adaptation. Such link adaptation requires various components of CSI at all nodes. Receiver CSI is a standard assumption and can be obtained directly by adapting estimation algorithms, such as those in [39] . Transmitter CSI can be obtained via the reciprocity between forward and reverse channels in TDD systems, or via feedback in a FDD system [40] . One particular node's knowledge of the link gains between the other two nodes would have to come from feedback.
Obtaining perfect instantaneous CSI in a fading environment is challenging and unrealistic in fast fading in which the system is unable to adjust to rapid channel variations. Knowledge of the long-term CSI is both more straightforward to obtain and more stable. By using long-term CSI, the link-state regime for the average channel is identified only based on the internode distances and path loss parameters. Then the optimal power allocation is determined for this average channel based on Theorem 5 and numerical power computation and applied to all fading channel realizations. For the perfect CSI case,
where (18) and (19) respectively.
the link-state regime and power allocation are recalculated for each fading channel realization. Thus perfect CSI provides the highest data rate but requires significantly more channel measurement updates than long-term CSI. To trade off between these two extremes, we proposed a maximum entropy quantization technique which achieves a gradual transition from simply using long-term CSI to using perfect CSI by increasing the number of quantization bits [41] .
VI. NUMERICAL RESULTS
In this section, we present numerical results to verify the analysis in Sections IV-V. To demonstrate our results for a wide range of applications, we perform simulations for both TDD and FDD settings.
A. Link-State Based Rate Region
First we present numerical results to verify Theorem 4. The simulation plots the rate region in Theorems 1 and 2 by varying each power parameter subject to the power constraints in (4) by step sizes of 0.05. At each step, rate expressions in (12) and (13) are calculated and the resulting (R1,R2) point obtained.
The convex hull of all computed (R1,R2) points is taken to obtain the rate region. Fig. 4(a) shows the time sharing between TWR and user 1's RCI for link-state regime (Z1 b , Q1 a ) in Table III . Specifically, the rate-maximizing scheme is time sharing between the solutions of (14) and (15) . Contrary to the common belief that block Markov coding is always superior to independent coding, as demonstrated for user 1 in Fig. 4(a) , there are link regimes in which independent coding outperforms block Markov coding. Thus, in some cases, it is optimal for the source and relay to not coherently cooperate but to send independent signals, as in independent coding. Fig. 4(b) shows a nontrivial case in which both users perform both techniques in (Z2, Q3), which corresponds to case 2(a). Based on these numerical results, the composite scheme significantly outperforms each separate coding scheme. Fig 4(b) also illustrates how using both block Markov coding and independent coding outperforms naive time sharing between user 1 performing block Markov coding with user 2 performing independent coding and vice versa. Thus, to obtain the largest rate region, both components are necessary.
Figures 4(a) and 4(b) illustrate interesting and opposite effects of time sharing: in one, time sharing is necessary to achieve the largest rate region, while in the other, time sharing is insufficient. As the illustrated gains from time sharing in this case are marginal and time sharing is only required for a small range of link values, to simplify both the analysis and implementation of the C-TWRC scheme, in the rest of the numerical results, we choose to ignore the time sharing between TWR and RCI.
The composite scheme optimized from a link-state perspective not only reveals which coding scheme is optimal in all link-state regimes, but also demonstrates significant improvement in (Z2, Q2) and (Z2, Q3) when both independent coding and block Markov coding are necessary to obtain the largest achievable rate. This optimized scheme achieves a strictly better rate region than either block Markov DF, independent DF or simple time sharing between the two schemes.
B. Probability of Link-State Regimes in Fading Channels
Next we demonstrate that a given node distance configuration will have a non-negligible probability of link-state regimes that enable relay power savings in fading, even though applying the composite DF scheme to the same distance configuration without fading requires full relay power. Specifically, we assume a distance configuration and path loss as in the caption of Fig. 5 , typical of a femtocell deployment in 5G cellular systems. Using these parameters, the probability of each link-state regime in Def. 1 is both calculated analytically using (21) and simulated using 10 5 independently generated Rayleigh fading channels. The percentages in parenthesis in Fig. 5 correspond to the theoretical probabilities from Lemma 2 while the others correspond to simulation, and the format corresponds to that of Table III . This figure demonstrates that simulation closely matches the analytical result in Lemma 2, verifying the tight upper bound.
In a non-fading scenario, the distance configuration used for Fig. 5 would correspond to link-state regime (Z2, Q1 b ), in which user 1 performs block Markov coding while user 2 performs independent coding. However, as shown in Fig. 5 , when the composite scheme is applied in fading, there is a non-negligible probability of many other link-state regimes. Although link-state regime (Z2, Q1 b ) is the most likely in Fig. 5 , there is only a 22.38% chance of this regime. Most of the time, the link state will be in regimes other than (Z2, Q1 b ) when applied in fading.
Link regimes in which the relay performs only independent coding and conserves power have a significant probability of occurrence. Specifically in Fig. 5 , the relay has a 7.48% chance of performing independent coding for each user respectively and a 15.97% chance of performing independent coding for both. In total, there is a 30.93% chance that the link state is in a regime in which power savings are realizable. This figure is substantial for a node distance configuration which, without fading, would otherwise be in a non-power saving regime. Thus, by applying this composite scheme in fading, power savings are realizable in many node distance configurations. The relay power savings are discussed in the next section.
C. Relay Power Savings
By simulating the expected relay power savings, we quantify the power savings and also illustrate a trade-off between rate gain and relay power savings. We simulate power savings at the relay by varying the relay location while fixing the two user locations in Fig. 6 using the same simulation setup as for Fig. 3 . Using resolution of 1 2 meter, at each relay location, 10 4 Rayleigh fading channels are generated using the internode distances for that particular relay location. For each fading channel, the appropriate link-state regime is determined based on Theorem 4 and the required relay power is computed as in Theorem 5. By averaging over the 10 4 fading channels, the average power savings are computed for each relay location.
A significant result from this simulation is the vast proportion of space that the relay can conserve power. As expected, the relay saves the most power (up to 18%) in regions in which, without fading, the relay performs only independent coding. However the area in which the relay saves at least 10% of its power is considerable, which is significant considering that this power savings follows directly from optimizing the composite DF scheme from a link-state perspective. Fig. 6 also exposes a trade-off between power and rate when this composite scheme is employed in a fading environment. When a user-to-relay channel is strong, the relay has an incentive to use most of its power to help the user achieve a high rate. However, when the relay is not in the immediate proximity of either user, the relay can conserve power while still helping the two users to achieve the best possible DF transmission rates. Spending more relay power in that situation does not increase the rates.
D. Long-Term Versus Perfect CSI
Next, we simulate the throughput when nodes only have knowledge of the long-term CSI in a Rayleigh fading environment and compare this to the ideal case of perfect CSI. To simulate the throughput, we choose the node distance configuration as in the caption of Fig. 7 . The power allocation parameters for the long-term CSI sum rate are computed according to the link-state regimes determined from Theorem 4 for the non-fading case:
ik . Conversely, the power allocation parameters for the perfect CSI sum rate are numerically computed for each fading channel realization. The SNR in Fig. 7 is varied from -5dB to 20dB in intervals of 5dB. For each SNR value, 10 4 independent Rayleigh fading channels are generated and both the long-term CSI sum rate and the perfect CSI sum rate are averaged over these fading realizations.
As depicted in Fig. 7 , the difference in throughput associated with knowledge of only long-term CSI versus perfect CSI is small. Thus if nodes do not have the capability to learn the link states as they change in fading, the loss in rate performance compared to that of perfect CSI is minimal. Further, with only knowledge of the long-term CSI, throughput performance is significantly greater than direct transmission.
Next, we return to the TDD simulation setup in Fig. 3 to simulate the rate gain of the composite scheme using only longterm CSI in a Rayleigh fading environment compared to direct transmission. Comparing Fig. 8 with Fig. 3(b) , we observe a similar pattern in rate gain when applying the composite scheme with and without fading. The rate gain increases as the relay approaches the midpoint between the two users. However, the shapes of the gain regions in Fig. 3(b) and Fig. 8 differ slightly due to fading.
VII. CONCLUSION
In this paper, we develop a novel link-state regime based approach in optimizing a composite DF scheme for the TWRC. By considering independent and block Markov coding, we analytically determine link-state regimes that describe which particular combination of these transmission techniques is optimal. We compare the maximum rate attainable with two-way composite relaying to that of the basic relay channel with interference to determine which users actively utilize the relay. User priority is found to have a direct impact on the link-state regimes. We show that independent coding is optimal when the user-to-relay link is slightly stronger than the direct link, and allows the relay to conserve power. However, in the presence of a stronger user-to-relay link, additional block Markov coding is necessary to maximize transmission rates. By considering the scheme in Rayleigh fading, we reveal that relay power savings are attainable in most node distance configurations. The link-state regime results are further applied to perform link adaptation in fading with just long-term CSI, showing a significant throughput gain over direct transmission. These link-state regime results and novel analysis approach help in realizing the application of two-way relaying in future cellular and wireless ad hoc networks.
APPENDIX A PROOFS OF THEOREM 3 AND THEOREM 4
A. Proof of Theorem 3
Based on the Lagrangian in (16), the KKT conditions can then be written as:
where all the primal and dual variables are non-negative. Note that λ 10 , λ 12 = 0 because sources send new information in each transmission block. The optimal solutions must satisfy:
We need to analyze the valid cases of optimal dual variables in (14) . 
Using these values, the derivative of the Lagrangian with respect to α 1 becomes:
Since both users use full power Lemma 1, λ 6 > 0. From (25) , λ 9 is also positive, implying α 1 must be the minimum possible value. Therefore user 1 performs only independent coding. By combining ∇ β 3 L and ∇ k 2 L with the appropriate dual variables for this case, we see that
This value for λ 13 is always positive implying that we must minimize β 3 within its valid range.
To establish the valid range for β 3 , we examine the rate constraints for user 1 who performs independent coding and therefore affects β 3 . From the optimal dual variables in this case, R 1 = J 1 ≤ J 2 . Since α 1 = 0, β 1 = P 1 , using (12), we can write this inequality as:
Because β 3 must be minimized, (27) is satisfied with equality. Note that in case 1(b) with user 1 prioritized, the optimized weighted sum rate collapses to one point corresponding to the value of β 3 in (27) being achieved with equality. To trace the entire rate region boundary, however, the case that user 2 is prioritized must also be considered (Remark 1). With user 2 prioritized, the optimal transmission scheme is also (IND,BM) but corresponds to case 3(a), which gives a curved optimized boundary. Thus the entire rate region boundary for (IND,BM) is curved and the optimized power allocation parameters depend upon μ.
Here we obtained the value of β 3 using only rate constraints of user 1, which implies user 2 performs block Markov coding only. Since β 3 ∈ [0, P R ], from (27) we see that g 2 r 1 must be bounded from above as:
This bound gives the upper range for g r 1 in this link-state regime.
To establish the range for g r 2 and the optimal coding for user 2, we examine the rate constraints for user 2. As λ 4 > 0 and λ 5 > 0, J 4 = J 5 − J 1 . Simplify, noting that k 2 α 2 +β 3 = P R , we obtain:
Since this equation is satisfied with equality, g 2 r 2 is greater than the minimum and less than the maximum of (29) over the range of β 2 . With β 2 → 0, the maximum is infinity and hence always satisfied. The minimum occurs when β 2 = P 2 and we obtain a lower bound for g 2 r 2 :
Then there are two unknowns (α 2 , k 2 ) and two equations: J 4 = J 5 − J 1 and k 2 α 2 + β 3 = P R to solve for the missing power allocation parameters. In summary, based on the link conditions in (28) and (30) , this case applies to link-state regime (Z1, Q3) in which user 1 performs only independent coding while user 2 performs only block Markov coding.
3) Case 2(a): User 1: Both, User 2:
Both: This is the least concrete case in which no special or extreme values of the power allocation are gained from analyzing the dual variable space. In this case, all power allocation factors can be non-zero and hence both users utilize both relaying techniques.
4) Case 3(a): User 1: Block Markov Coding, User 2: Independent Coding:
The analysis for this case is similar to that of case 1(b) with the notable exception of deriving the upper boundary to this link regime. In this case J 1 = J 2 , which we rearrange in terms of g 2 r 1 . Since this equation is satisfied with equality, g 2 r 1 is greater than the minimum and less than the maximum over the range of β 1 . With β 1 → 0, the maximum is infinity and hence always satisfied. The minimum occurs when β 1 = P 1 and we obtain a lower bound for g 2 r 1 as
Solving for β 1 in J 1 = J 2 (using the lower bound for g 2 r 1 ) yields a minimum value for β 1 as follows
To trace out the entire rate region for this case, vary β 1 from β 1,min to P 1 and take the convex hull of these rate regions.
As in case 1(b), β 3 must be minimized within its valid range. The applicable inequality in this case, J 5 − J 1 < J 4 , can be simplified to
which is satisfied with equality for each value of β 1 ∈ β 1,min , P 1 as β 3 is minimized. Eq. (33) can also be rearranged to give a bound on the link regime as
To identify the upper boundary for g 2 r 2 in this regime, we need to maximize the right hand side expression in (34) . Noting that the maximum value of β 3 in (33) occurs when β 1 is minimized as in (32) , depending on the link values, β 3 could approach the maximum value of P R . Therefore the maximum range for g 2 r 2 is obtained by substituting β 3 = P R and β 1,min into (34) to obtain the upper regime boundary of Q1 b as in Def. 1. 
B. Proof of Theorem 4: A Representative Case
Here we detail an example case of comparing the rate regions of (DT,BM) for RCI and (IND,BM) for TWR in link regime Q3. This link regime corresponds to (DT,BM) for the RCI scheme for user 2, and (IND,BM) for the TWR scheme.
To determine if time sharing is necessary, we compare rate pairs on the boundaries of two rate regions, (R TWR 1 , R TWR 2 ) and (R RCI 1 , R RCI 2 ), which are solutions to the optimization problems (14) and (15) respectively. For a given weight μ and based on the optimal dual variables of each problem in this link regime, these rate pairs correspond to the corner points of each rate region as follows: 
where β 2 is the optimal β 2 for RCI and β 2 is the optimal β 2 for TWR for the given value of μ. For RCI, the rate region is a rectangle for all μ. 
For the TWR, to find the optimal power allocation, note that 
where the optimal value of β 3 depends on the value of μ. We need to look deeper into (36) and (37) to compare the optimal power allocation values. In case of RCI, P R = α 2 k 2 but in the case of TWR, P R = α 2 k 2 +β 3 . As such, (37) 
which is a quadratic equation in terms of α 2 . The difference between (36) and (38) is a decreased linear term in (38 is not satisfied as → 0. Therefore, the sum rate of TWR does not include that of RCI and it is optimal to timeshare between RCI and TWR in link-state regime (Z1 b , Q3).
APPENDIX B PROOF OF LEMMA 1 AND THEOREM 5
Proof of Lemma 1:
Suppose we fix β 3 and choose a power allocation such that α 1 + β 1 < P 1 . From the constraints in (14) and rate expressions in (12), then we can always increase α 1 and β 1 slightly while keeping k 1 α 1 the same. This increases both J 1 and J 2 , which increases user 1's rate. The same holds for user 2 in regards to J 3 and J 4 . Therefore, to obtain the largest rate region, α 1 + β 1 = P 1 and α 2 + β 2 = P 2 , i.e., both users always use full power.
Next, let α 1 > 0 so that user 1 performs block Markov coding (without loss of generality, assume α 2 = 0 for simplicity). Then if k 1 α 1 + β 3 < P R , α 1 can be decreased slightly and k 1 increased such that both J 1 and J 2 increase, which means user 1's rate also increases. Therefore, the relay uses full power (k 1 α 1 + k 2 α 2 + β 3 = P R ) when any α i > 0.
Proof of Theorem 5:
For the TWR scheme, the proof follows from case 1(a) below. The analysis for the RCI is similar to that in [35] .
Case 1(a): User 1: Independent Coding, User 2: Independent Coding: Here we examine the case λ 1 > 0; λ 2 , λ 3 , λ 4 = 0; λ 5 > 0. The derivative of the Lagrangian with respect to α 1 is given in (25) and consequently user 1 performs independent coding. The bound for g 2 r 1 in (28) applies, as does β 3 in (27) . The derivative of the Lagrangian with respect to α 2 is
and by the same arguments, user 2 also performs independent coding. Since J (e −λ 12 w − e −λ 1r w )), and by independence of W and V, we can evaluate this as
By straight manipulation, this yields the first term of Pr(Q2) in (21) .
Proof of Lemma 2:
We provide the idea for this proof via one example to illustrate how this technique applies to every other case Pr(Z i , Q k ) ≤ Pr(Z i )Pr(Q k ). Write probability of link regime Z1 b and Q1 a as 
